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ABSTRACT: In this paper we construct massive supermultiplets out of appropriate set of
massless ones in the same way as massive spin s particle could be constructed out of
massless spin s,s — 1,... ones leading to gauge invariant description of massive particle.
Mainly we consider massive spin 3/2 supermultiplets in a flat d = 4 Minkowski space both
without central charge for N = 1,2, 3 as well as with central charge for N = 2,4. Besides,
we give two examples of massive N = 1 supermultiplets with spin 3/2 and 2 in AdSy space.
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1. Introduction

In a flat space-time massive spin s particles in a massless limit decompose into massless spin
s, s—1, ... ones. This, in particular, leads to the possibility of gauge invariant description
of massive spin s particles, where massless spin s field plays the role of “main” gauge field,
while the lower spin fields play the roles of Goldstone fields that have to be “eaten in the
process of spontaneous symmetry breaking to make main field massive. Such approach to
description of massive particles became rather popular last times, e.g. [l-[L3].

In the supersymmetric theories all particles must belong to some supermultiplet, mas-
sive or massless. The same reasoning on the massless limit means that massive supermul-
tiplets could (should) be constructed out of the massless ones in the same way as massive
particles out of the massless ones. Because supersymmetry is a very restrictive symmetry
even construction of free massive supermultiplets could give very usefull and important in-
formation on the structure of full interacting theories, where spontaneous (super)symmetry
breaking leading to the appearance of such massive supermultiplets could occur.

In supergravities partial super-Higgs effect N — N — k, when part of the supersymme-
tries remains unbroken, must unavoidably leads to the appearance of k massive spin 3/2
supermultiplets, corresponding to the unbroken N — k supersymmetries. The main subject
of our paper is the construction of massive spin 3/2 supermultiplets out of the massless



ones. Namely, we consider N = 1,2,3 supermultiplets without central charge, as well as
N = 2,4 supermultiplets with central charge (for classification of massless and massive
supermultiplets see e.g. [[4]). We will not consider one more possible case — N = 6 su-
permultiplet with central charge, because it could hardly have phenomenological interest,
though it could be constructed in the same way as well. Besides, we consider two examples
of massive supermultiplets in (A)dS space, namely N = 1 spin 3/2 and spin 2 ones.

The paper is organized as follows. In the next section we start with the simplest
case — massive N = 1 spin 3/2 supermultiplet [[§-[d]. This supermultiplets is known
for a long time, but it is very usefull to display the general technics for construction of
massive supermultiplets we will heavily use in what follows. There is no strict definition
of what is mass in (Anti) de Sitter space and indeed rather different definitions there exist
in the literature. So we add small section devoted to the discussion of this subject (and
in particular the so called forbidden mass regions, see e.g. [I9—R1]) using massive spin 3/2
particle in AdS space as an example. Then, in the next two sections, we consider massive
spin 3/2 [P and massive spin 2 supermultiplets [I§, PJ-RJ] in AdS space. Our results
here show rather interesting differences between supermultiplets in flat and AdS spaces,
as well as between supermultiplets with integer and half-integer superspins. Also, massive
spin 2 supermultiplet in AdS shows one more example of the flat space limit — massless
limit ambiguity, which is well known for the massive spin 2 [26-R§] and spin 3/2 [29-B1]
particles.

Then we return back to the flat Minkowski space and in the following four sections
we systematically consider massive spin 3/2 supermultiplets with N = 2 and N = 3
supersymmetry without central charge as well as N = 2 and N = 4 supermultiplets with
central charge. In all cases exactly as in NV = 1 case it turns out crucial for the whole
construction to make duality transformations mixing different supermultiplets containing
vector fields.

2. N =1 supermultiplet in flat space

Let us start with the simplest case — massive N = 1 supermultiplet [[15—[L§ in flat space-
time. Such multiplet contains massive particles with spins (3/2,1,1’,1/2), all with equal
masses. In the massless limit massive spin 3/2 particle decompose into massless spin 3/2
and 1/2 ones in the same way as massive spin 1 particle into massless spinl and spin 0
ones. As a result in the massless limit our massive supermultiplet gives three massless

3/2 ; ,
11 = @ e .
12 ( 1 1/2 0,0

We denote appropriate fields as (¥, A,), (By, p) and (x, ¢, m), correspondingly. We start

supermultiplets:

with the massless Lagrangian being the sum of kinetic terms for all these fields:

P PO B 1 1 1
Lo = 5" PWu3m00 Vs + 5p0p + 5XOX — 7Aw” = 7Bw® + 5(0u9)* + 5(0,m)? (21)



which is invariant under three local gauge transformations:
60, =98,  JA,=0,\, 0B, =0\

It is very important that the massive supermultiplet must contains vector and axial-vector
particles and not two vector or two axial-vector ones. This, in turn, opens the possibility to
make dual transformation mixing two supermultiplet, namely (¥, A,) and (B, p) ones.
Thus, the most general supertransformations leaving the massless Lagrangian invariant
have the form:
i
00, = ——0“P[cos(0)Ans — sin(0) B
= =50 leos(0) gy = sin(0) Bl
5A, = V2cos(0)(¥,n) + isin(0)(5y.n)
0B, = V2sin(0)(W,y5m) + i cos(8) (pyuv5n) (2:2)

1
op = _§Uaﬁ[Sin(9)Aozﬁ + cos(6) Bagys|n

ox = —id(e+ysm)n o = (Xn) oOm = (XVs5m)

Now we have to add mass terms for all fields as well as appropriate corrections for the
fermionic supertransformations. For this purpose we, first of all, must identify Goldstone
fields which have to be eaten by gauge fields making them massive. For bosonic fields the
choice is unambiguous — scalar field ¢ for vector A, and pseudo-scalar 7 for axial-vector
B,,. Thus, we add the following mass terms:

m? m?
Ly = —mA'0,p — mBH O, + 7Au2 + 7Bu2 (2.3)

As for the spin 3/2 particle ¥, we have two spinor fields p and x which could serve as a
Goldstone one, so we consider the most general possible mass terms:

1 1- . . B _ _
Ly = 5%0“”% +ia1 (Uy)p + iaz(Uy)x + azpp + aspx + asxx (2.4)

Then the requirement that the total Lagrangian be invariant under (corrected) supertrans-
formations fixes the mixing angle 6 as well as all unknown coefficients:

1 1 1
— L w1l =0 a=—v2 a-

X, a1 =———7
V2T R

Moreover, this requirement unambiguously fixes the structure of appropriate corrections

sin(6) = cos(0) =

for fermionic supertransformations:
1 i
oWy = | A+ Buns — 5y +5m) 11

—dop = —%(w + V57N (2.5)

—ox = [iA +iBys + ¢ + 57l



It is easy to check that with the resulting fermionic mass terms:

1 1- i = = _ 1_

L = g o™ Ty — 5 (P7)p +i(TY)x — V20X + XX
the total Lagrangian is invariant (besides global supertransformations) under the following
local gauge transformations:

=08 =Pk do=-Tpe ox=me (26)

From the last formula one can see which combination of two spinor fields plays the role of
Goldstone one. Indeed, if we introduce two orthogonal combinations:

oL 2 . \/5 L2
P=—FPty3n X 3P+ 35X
then the fermionic mass terms take the form:

1 - . 3 1.
Lm = Vo, Z\/;(‘Iw)p + PP = 5XX

which explicitly shows that we have spin 3/2 and spin 1/2 particles with equal masses.
Moreover, by using this local gauge transformation with £ = —(¢ + v57)n and introducing
gauge invariant derivatives for the scalar fields:

Vup = 0up — mA,, Vum = 0,m —mB,

one can bring supertransformations for the fermions into the following simple form:
i
oW, = | — ZUO‘B(Aaﬁ = Bapys)vu = Vule +757) |1

1 ~
op = _ﬁ”aﬁ[flaﬁ +Bagrsln  Ox = —iV(p +5m)1 (2.7)

Note here that we work with Majorana fermions (and Majorana representation of
~v-matrices). In this, the 5 matrix plays the role of imaginary unit 7. Then we can
further simplify formula given above by introducing complex objects C,, = (A, + 15B,)
and z = @ 4+ Y57

i _
6V, = | - Zao‘ﬁCagfyu - Vuz|n

1 X
op = ———o*PC,, oy = —iVz 2.8
p 23 1 X n (2.8)

Now it is evident that we have one more symmetry — axial U(1)4 global symmetry, the
axial charges for all fields being:

field | n | Yy, p, x| O,

qa | +1 0 -1

z

Thus, we have seen that it is important for construction of this supermultiplet to have
possibility of making dual rotation of vector fields mixing massless supermultiplets. Also,
there is a tight connection between vector fields (Higgs effect) and spin 3/2 (super-Higgs
effect) masses. And indeed, the existence of dual versions of N = 2 supergravities and
appropriate gaugings makes partial super-Higgs effect possible [1d, B3-BJ].



3. Massive spin 3/2 in (A)dS,

In the (Anti) de Sitter space-time it is the (Anti) de Sitter group that plays the role of
global background symmetry instead of Poincare group in Minkowski space. As a result,
there is no strict definition of what is mass in such space. And indeed, a lot of controversy
on this subject exists in the literature. The aim of this small section is to explain the
definition of mass we (personally) adhere to using massive spin 3/2 particle as an example.
Anti de Sitter space is the constant curvature space without torsion or non-metricity,
so the main difference from the Minkowski space is the replacement of ordinary partial
derivatives by the covariant ones. We will use the following normalization here:

K 2A A
s == v [} —— 3.1
[vlhv ] QUM K (d—l)(d-?) 3 ( )
where A — cosmological term. Now let us consider the quadratic Lagrangian for spin 3/2
VU, and spin 1/2 x fields with the most general mass terms:

1 - i _ - M - .= as _
L= 55“”‘*5\1/“75%%% + §XVX + 7\I/MO'MV\I/V + a1 (Py)x + 72XX (3.2)

and require that it will be invariant under the following local gauge transformations:
5\Ilu = Vu§ + 1.041'7;;5 ox = az§

Simple calculations immediately give:

M 2
a1 = Qo, as = 2M, 041:—7, M2:§a22—|—kz

For the gauge invariant description of massive particles it is natural to define massless
limit as the limit when Goldstone field(s) completely decouples from the the main gauge
field. In the case at hands this means that it is the parameter a; determines the mass

a1 ~ m. As for the concrete normalization we will require that in the flat space limit our

definition coincides with the usual one. Thus a1 = \/gm and M = vV/m? + k. One of
the peculiar features of (Anti) de Sitter spaces is the existence of so called forbidden mass
regions [[[9-R1]. And we see that different choices of what one call mass (M or m in the
case considered) lead to drastically different physical interpretations, as we illustrate by
the following simple picture:

For the fermionic fields with higher spins similar results can be easily obtained from
that of [I(]. Also note the paper [Bf] where group-theoretical arguments in favor of de
Sitter space were given. At the same time for the bosonic particles our definition agrees

perfectly with the one used by authors of [[9-PJ].

4. N =1 supermultiplet in AdS,

In this section we consider the same massive N = 1 supermultiplet in Anti de Sitter
space 2. Now, besides the replacement of ordinary partial derivatives by the covariant



M? m?

Figure 1: Forbidden regions.

ones, one has to take care on the definition of global supertransformations. The simple
and natural choice (e.g. [B7]) is to use the spinor 7 satisfying the relation:
’L'IQO

Vun = 5 Yl Ko? = K

as a parameter of such “global” supertransformations.
Now we return back to the sum of kinetic terms for all fields where ordinary derivatives

are replaced by covariant ones:

T el T _- i _= 1 1 1 1
Eo = 56“ 0‘6\1’“757,,Va\115 + 5PV/)—|— §XVX — ZA'LWQ — ZBWJQ + 5(8H90)2 + 5(8H7T)2 (4.1)
In Anti de Sitter space this Lagrangian is no longer invariant under the initial supertrans-
formations:
iR

oLy = ——n W, [cos(8) (AP — 5 AR + sin(0) (v B — B yun + ikoX V" (8 — 159,71

V2
We proceed by adding the most general mass terms for the fermions as well as one derivative

terms for the bosons:

a1 = . — . — _ _ ae _
Ly = 51%0“”% + dax(Wy)p + ias(Py)x + aspp + aspx + fxx -

—mi1 A0, — moBYO,m (4.2)
and the most general additional terms for the fermionic supertransformations:

0V, = 1Ay + aaBuys + oy + iy, 50
S1p = [iB1 A +iB2Bs + B3¢ + Buysmn (4.3)



S1x = [iBs A+ iBsBys + Brp + BsvsmIn

Requirement that all variations containing one derivative cancel gives:

M
ap = —-M, ag= 7 sin(20), a; = —M+v2cos(f) ay = —M+/2sin(f)

ag = m1V2cos(f) = moV2sin(h), a3 =ay = —%
ay = pr=p2=0, Bs =as +mysin(f),  Bs = as+ macos(9)
mi mo
%= @) T cos(8) Ps=ma, fe=ma,  PBr=as— ko, Ps=ac+ ko
Here M = %. We see that it is the mixing angle 6 (together with cosmological term)

determines all masses in this case. Recall, that in flat space we have sin(f) = cos(d) =
%, while here it is the singular point. Indeed, the flat space results could be correctly

reproduced only by taking simultaneous limits kg — 0 and 6 — 7§ so that kg tan(20)

remains to be fixed.

At last we add appropriate mass terms for bosons:

2 2
mi mo
L= —— A + =B, + bip® + bor® (4.4)
and require that all variations without derivatives cancel. This gives:
m1 = M+/2sin(6), my = Mv/2cos(6), ag = —M, by =0b2=0

The resulting mass terms for the fermions look like:

%wp + i sin(20)(Ey)x ~ MVIpx — 5 vx (45)

In this, besides the supertransformations, Lagrangian is invariant under the following local

M -
Lo =5 Vo™ T, +

gauge transformations:

iM M sin(20)
oV, =V,6+ — op=—""-="2
13 ,u£ 2 7}!5’ P \/5

Comparing this formula with the results of previous sections, one can conclude that it is

g, o0x = M sin(20)¢ (4.6)

the combination m = M sin(20) = k¢ tan(260) determines the mass for spin 3/2 particle. So
we have four massive fields with masses (which become equal in the limit § — 7/4):
m m m

\/iTS(H)’ my = \/iTn(H)’ mijy = ——-— (4.7)

Mgjg =M, M1 = -
3/2 ! sin(26)
As in the flat case, introducing gauge invariant derivatives for scalar fields:
Ve = 0up —miAy, Vum =0, —maB,,

and making local gauge transformation with & = (cot(#)¢ + tan(f)m)n one can bring su-
pertransformations for fermions into relatively simple form:

U, = _ﬁaaﬁ [cos(6) Aag — sin(0) Bagys|yun + (cot(0) Vg + tan(0) Vs )n
1 . AV
op = _500‘6[8111(6’)140:6 + cos(0) Bags)n ox = —iV(p +75m)n (4.8)

Note, that in Anti de Sitter space there is no axial U(1) 4 symmetry.



5. S =2 supermultiplet in AdS,

This paper devoted mainly to construction of massive spin 3/2 supermultiplets, but it is
instructive to compare with the next to simplest case — massive spin 2 supermultiplet. In
flat space such multiplets were constructed in [BJ] (see also [4, B3, BH]), so we consider AdS,
case. Massive N = 1 spin 2 supermultiplet contains four massive fields (2,3/2,3/2',1).
Taking into account that in the massless limit (in flat space, see below) massive spin 2
particle decompose into massless spin 2, spin 1 and spin 0 ones, we have to use four
massless supermultiplets for our construction:

L 2\ (¥ (v v
3 =
2 1 % @ 1 @ % @ 0’0,

We denote appropriate fields as (hu, ¥,), (Qu, Au), (B, p) and (x, ¢, 7) and start
with the sum of kinetic terms for all fields (with ordinary partial derivatives replaced by

][9]

covariant ones):

1 1
Lo = SV NV yuhag — (VA)!(VA), + (VR)'Vuh = SV hV uh —
E
2
i pvoB g /] i el Q) [9) s L%
+5¢ w157 Vel + e w15 Valls + 50V + SXVX

1 1 1
- A+ = (0,9)? — ZBWQ + 5(aﬂw)z + (5.1)

It is crucial for the whole construction that we again have one vector and one axial-vector
fields and the possibility to make dual mixing of two supermultiplets containing these fields.

So we will use the following ansatz for supertransformations:

Sohyw = i(Tyn) 00, = —0*V,ahg,

902, = —;Waaﬁ(cos(ﬂ)flaﬁ — sin(6) Bagys)vun
oy = V3 cos(0)(@ym) + i sin(0) (p7m) (5.2)

80Bu = V2sin(6)(Qus1) + i cos(6) (77,75m)
1
dop = —§aa6(sin(0)Aa5 + cos(0)Basys)n
ox = —iu(Oup + Oumys)n - dow = (Xn) dom = (X757)

In AdS space the sum of kinetic terms is not invariant under these transformations any
more and we must take it into account in the subsequent calculations. The next question
is which fields play the role of Goldstone ones making gauge fields massive. The choice for
bosonic fields is unambiguous — vector A, and scalar ¢ fields for h,, and pseudo-scalar 7
for B, one. But for the fermions situation is more complicated. Recall that in AdS case
we have no axial U(1)4 symmetry which could restrict possible choice, thus we have to



consider the most general mass terms for the fermions. So we add to our Lagrangian:
Ly = mV2(h"'V,A, — h(VA)) — MV3A 9, — mBO,m —
—%\I’HO‘#V\I’V — aglifﬂa“"Ql, — %Qﬂa“"ﬁy +iags(Uy)p + ias(Py)x +
iag(0)p + iar (Q)x + 550 + agpx + S0 XX (5.3)

where M = v/m? 4 2k, and require that all variations with one derivative cancel (making
necessary corrections for fermionic supertransformations). This gives us:

sin(f) = ﬁ cos(f) = L n=M

27 2’
ay = Ko, as = m, = —2Kg, a4 = m\/g as =0

3 3
aﬁz—\/;fo, ar = §M, ag = 0,

Note that in sharp contrast with the massive spin 3/2 case now the mixing angle 6 is fixed
(and has the same value as in flat case) so all masses are determined by spin 2 mass m and
cosmological constant k. We proceed by adding appropriate mass terms for bosonic fields:

2 2
-2
Lo = —%h‘“’hw + m ;’ K9

and requiring cancellation of all variations without derivatives. This fixes the last unknown

3 2 20, M
— 5th<p+3nAu +mcp +7Bu (5.4)

parameter a9 = 2kg and the structure of additional terms in fermionic supertransforma-

tions:
[ L, om s 3
"V, = |ikohuwy” — EVHA -m 575311 n

[ 1 |3
5IQ;L = th,ul/'yy + “0\/514# + KO\/E'YESBM - 5 \/;MVM(SD + 757T):| n

[ M 3M
oip=|-— 5P 77577}77 (5.5)

d1x = [iMV3A +iMBns + kop + 3ko7s7]n

Recall that in the flat case [R3 due to axial U(1)4 symmetry fermionic mass terms were
the Dirac ones. For the non-zero cosmological term the structure of these terms become

more complicated:

_ _ _ 3 _
Ly, = —%\I/MO'W/\I/V —mV 0", — koo, + im\/;(\ll'y)p —

, 3 = . 3 = _ _
—ikg \/; (Qy)p +iM \/; (Qv)x — 2M px + KoXxx (5.6)
Nevertheless, it is not hard to check that the Lagrangian obtained is invariant (besides

supertransformations) under two local gauge transformations:

m

oV, = V& 1 ’Yufh 0Q, = —’Yu§17 op = m\/7§1 5.7)

m

o, = —W&, 0, = V& —ikoyu&2, dp = —Ko\/7$2, ox = M\/7§2



As is known [f, f], in the (A)dS space massive spin s particle decompose in the massless
limit into massless spin s and massive spin s-1 ones. Similarly, in the massless limit m — 0
our massive spin 2 supermultiplets decompose into massless (2,3/2) supermultiplet and
massive (3/2,1,1’,1/2) one with mass M = 2r( and mixing angle sin(260) = @ Note that
in the paper 27 this corresponds to the value € = 1/2.

All the formulas could be greatly simplified if we introduce gauge invariant derivatives:

Dphas = Vyhag — %Augaﬁ, Dyp =0y — MV3A,,  Dym=0,m—MB, (58)

as well as notation H,, = h,, — ML\/ESDQW/ and make two local gauge transformations with
the parameters:

_m _ Iio\/g 1
&1 = M\/g(ﬂﬂ+37ﬂ5)77 §o = i <3<P+7T’Y5>77

Then the resulting supertransformations for the fermions take the form:

S0, = | — 08 Dyhg, + —
H [ altBu M6

P (Anp — V3Bass)Vu —

(D“gp + 3D,u7r75) + Z.K/OH/.U/YV:| n

K \/6 1 .
07 <§Dugp + Dﬂ7w5> + ZmHH,,’)/V:| n (5.9)

7
00, = |- —
g [ 442

1 .
op = —ZUQB(\/gAaﬁ + Bagys)n Ox = =1y (Duy + Dyumys)n

It is interesting that the structure of terms containing scalar fields gives us one more

example of flat space limit — massless limit ambiguity well known for the massive spin
2 [B4-R§| and spin 3/2 R9-BI)] particles. Indeed, if one takes massless limit keeping

cosmological term fixed, one gets:
1
oV, ~0, 09, ~ —\/§<§Ducp + DMT(")/5>7’]
At the same time, in the flat space limit with fixed m we get:

1
0V, ~ —=(Dyp+3D,my5)n 6, ~0

V6
6. N = 2 supermultiplet

Now we return back to flat Minkowski space and consider massive spin 3/2 supermultiplets
with extended supersymmetries. Our next example — massive N = 2 supermultiplet con-
taining one spin 3/2, four spin 1, six spin 1/2 and four spin 0 particles. Simple calculations
show that in the massless limit we obtain one spin 3/2 supermultiplet, doublet of vector
supermultiplets and one hypermultiplet:

3

: ! ,
41 2@ 1
®1 = 201 | @2 | 201 @( ®2>
4©0 2

,10,



We denote all these fields as (V,, A% p), (B, 7, 2) and (x, A\, ®;) and start with the
sum of their kinetic terms:

i g 1 1 i A i A
Lo = —e"PU 57,0,V 5 — ~Au? — —Bu? + —pdp + Q7097 +
2 1 1 2 2
R P 1 . 1 .
FSXOX + AN+ 50,50, + 50,90, 0; (6.1)

It is important that the massive supermultiplet we are going to construct must have total
U(2) = SU(2) ® U(1) 4 symmetry. It is again crucial that we have doublet of vector and
doublet of axial-vector fields in our disposal. This allows us by making dual transformation
mixing two vector supermultiplets introduce complex objects Cﬂi = Aui + 75Bﬂi. Also,
this U(2) symmetry dictates our choice of parametrisation for hypermultiplet (there exists
three different ones). Thus we take the following form of supertransformations for massless

supermultiplets:
i , 1 L
oV, = —Zaaﬁ%Caﬁlm op = —ﬁdaﬁcamﬁmm
56’#@' = 2(@;”72‘) + i\/i(QjZ'Yunj) 6C," = i\/i(ﬁ')’ugwnj) (6.2)
: 1 , A Py S
Q) = —ﬁaaﬁCagjm — 1€;,025n 0z = 2e7%(Q" k)
ox = iésijfbmj 6N = —idd'y;
6" = 2" (xm;) 50; = 2(\n;) (6.3)

In the complex notations the SU(2) symmetry of our construction is explicit, while the
axial U(1)4 symmetry is achieved by the following assignment of axial charges:

field 14 i \Ilua sza X Cuia Zi QZ A
qa +2 | +1 0 -1 —2

This axial U(1)4 symmetry restricts possible form of fermionic mass terms and the most
general terms compatible with it look like:

1 1- o o R _ i
Rﬁl = —§\I/Ma“”\I/V + a1 (UY)Q +iaz(Wy)x + azd? Q" + asQQ + asQx + agph  (6.4)

As for the vector fields, we have two complex doublet of scalars which both could play
the role of Goldstone fields. Straightforward calculations show that it is the combination
z; + ®; that have to be eaten by vector fields, leaving other combination z; — ®; as physical
massive scalar fields. So we get mass terms for bosonic fields:

2 2
m R R m . m 9
[,2 = ﬁ[sij(]ul@u(z] + (I)]) + (hc)] + TCMZCW' — T‘ZZ — (I)Z" (6.5)
determine the coefficients for fermionic mass terms:
1
alz—agzﬁ, a3:—a4:§, a5:a6:1

— 11 —



as well as structure of additional terms for fermionic supertransformations:

1 . i ’ 1 1,

oV, = Gyl — ﬁ’m(% + @)t —dip= o2 = @)

1 : i . . 1, :

E(;lQij = —E’y‘u[cﬂlnj — 6leﬂknk] + §€]k(zk — Q) — 5#‘1)/@“771 (6.6)
E51X = —ﬁ’)’ Cu'ni + zie"n; Rél)\ = —E’Y Cricn;

It is hardly comes as a surprise that besides global supersymmetry and U(2) symmetry our
Lagrangian is invariant under the local gauge transformations:

o, = — 007 = —=67¢, oy = ———= .
i a,ug + 9 7“5, \/5 3 X \/55 (6.7)
1

Making such transformation with: & = ﬁ(zZ + ®;)e%n; and introducing gauge invariant
derivatives for scalar fields:
CJ, D, =0, —

Dﬂzi = (%zi - Cuj

m_ m_
V2 V2

we obtain the final form of fermionic supertransformations:

1 . 1 .
(5\1’“ = ——aaﬁwﬂC’aﬁZm + ED“(ZZ' + ‘1%')62]?7]'

4
1 _ - m . _.
op = _ﬁoaﬁcaﬁiemnj =5 (Z =)
j L agr i Py, ok m_jk me kl
00 = _ﬁa Cag ; — Z&ikDZjn + —}—58 (Zk — q)k)ni + 551 (Zk — <I>k)e m (6.8)

ox = iD®ie"n; + %(Zi — @), 6\ = —iDdy;

Such supermultiplet has to appear when N = 3 or N = 4 supergravity is spontaneously
broken up to N = 2 and indeed such breaking turns out to be possible as was shown in [B9-

3] (see also [[3)).

7. N = 3 supermultiplet

Our next example is massive N = 3 supermultiplet containing one spin 3/2, six spin 1,
fourteen spin 1/2 and fourteen spin 0 particles. It easy to check that in the massless
limit we will get one spin 3/2 supermultiplet (3/2,3 ® 1,3 ® 1/2,2 ® 0) and three vector
supermultiplets:

3 3
2 2 1
6®1 3®1
1 = | #39403
14@5 3@5 600
140 2®0

Really, this case is very similar to the previous one (and even more simple due to the
absence of hypermultiplet). Again it is crucial that we have two triplets of (axial-)vector

- 12 —



fields so we can arrange them into one comples triplet. As a result we get SU(3) invariant

supertransformations leaving the sum of kinetic terms invariant:

1 .
50\I]u = _Zaaﬁ'ﬁtcaﬁlni
80C," = 2(¥ i) +iV2(p; vumy) 80Cli = —iv/2e7* (X j7umk)
. 1 ok wgm . ) y
dox' = —ﬁe” J“ﬁCagjnk — 10zn; 9oz = 2(x'n;) (7.1)
(S(]pij = —Fdaﬁc 5 i — ’ié&iqu)jk?’}l 60)\1 = —’L'é(i)ijn]
50@7 = 2(py,'e" ') So®i; = 2(Aimj)

Moreover, with the appropriate assignment of axial charges:

field | n; | Uy, ol | Xt | N C,f, Qi | 2
aa | +1] 0 [+ 2] 1 -3

we gain U(1)4 invariance as well. Among scalar fields there is only one candidate for
the role of Goldstone field, namely antisymmetric part of ®[;; leaving symmetric part as
physical massive scalars. So the mass terms for bosons look like:
2 . . — ..
£ = = B Ot + he + T (A 4 (B = 72— 8] (1)
while the most general fermionic mass terms compatible with U(3) invariance have the
form:

1 1. o ay o as y
Ly = =500y +ia (U)p + Ezmjpjl + Espp + asX' i (7.3)

Then the requirement that the whole Lagrangian be supersymmetric fixes the unknown

coeflicients: 1

ﬁ’

which lead to invariance of the Lagrangian under the local gauge transformations:

a; = ar» =1, az = —1, ag = —1

o, = — 0p;) = —=6;7
I a,ug + 9 7;15 P \/5 3

and also fixes the structure of fermionic supertransformations. By using local gauge invari-
ance and introducing gauge covariant derivatives, supertransformations for fermions could
be casted to the form:

00, = —~0"Cy,Cop'ni + —=e77D 2k

4 V2
4 1 .. _ . g
ox' = —ﬁamkaaﬁ(?agjnk —i0zm; + mé(”)nj (7.4)
5pi? = ——Uaﬁcaﬁjm — i e™ (Duz iy + Duzjw)m + me™ zmym

2v2
I\ = —iy (QLZ(U) + Dué[ij])nj + mzn;

,13,



Such massive supermultiplet really appears then N = 4 supergravity is broken up to
N = 3 [0, B2, B]. Note that there is an interesting and still open question on the so
called shadow supermultiplets that appear in some compactifications [[4]. It would be
interesting to investigate possible interactions of such massive N = 3 supermultiplets with
N = 3 supergravity (without any other supermultiplets).

8. N = 2 supermultiplet with central charge

As is well known any massive supermultiplet without central charges having NV > 4 super-
symmetries necessarily contains particles with spin greater than 3/2. So we turn to the
massive supermultiplets with central charges and start with the simplest example — with
N = 2 supersymmetry. This multiplet contains two equal sets of particles corresponding
to that of massive spin 3/2 supermultiplet with N = 1 supersymmetry, so the counting of
fields in the massless limit is the same as before. But now we have to arrange all fields into

2Q %
1 2
69(4@0)

For the hypermultiplet we will use the same parametrisation as before:

massless N = 2 supermultiplets:

20| 2 = 201 2

= @ ol
—_
o= @ ol

ox = —ie9dzm; 67 =29 (xymy)
op = —iééim 52 = 2(Ym;) (8.1)

As for the spin 3/2 supermultiplets, the main trick is again to use dual transformation for
vector fields so that they enter through the complex combinations only. Indeed, it is not
hard to check that sum of the kinetic terms for all fields is invariant under the following
global N = 2 supertransformations:

i L ) =
6V, = —Zaaﬁ’YuCaﬁiE”n] 08, = _Zaaﬁ’mcaﬁlm
5C'Hi = 26ij(‘I]ﬂ77j) + z'\/ie“(me’) 0Cu; = Q(Quni) + i\/i(ﬁ’)/,u"?i) (8.2)
1 . 1 =
SN = ———=0PC " n; 0 =0 Cag'ni

22 P=75

The choice for the bosonic mass terms is unique:

Ly, = _%(éﬂlauzi +he) + m?cycm (8.3)

This time we have only SU(2) ~ USp(2) global symmetry and no axial U(1)4 one so we
have to consider the most general fermionic mass terms:

1 1- _ _ _
Eﬁf = —5%0"”% +ia1 (Uy)A +dag(Wy)x + azAx + aaXx —

1. o o i .
—§QMU“”QV + ib1 () p + iba (2y) + b3pth + byrpyp (8.4)
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Indeed, the invariance of the total Lagrangian under the (corrected) supertransformations
could be achieved provided:

As in all previous cases, we have local gauge symmetries corresponding to two spin 3/2
particles:

m
6‘I]u = aﬂ£1 + 'Y;Lgl N = ﬁél ox = mé&

m

00, = aﬂ£2 + '7;L£2 p= E

& 5% =mé (8.5)

In this, with the help of these transformations, introducing gauge invariant derivative
D, z; = 0z — mCy; we obtain final form of fermionic supertransformations:

o, = —Zaaﬁ’yuCagiff”nj + Dyzien;
i _ p
Q, = —Zao‘ﬁwﬂCagzm + D,z'n;

oA = _2\—fU BCaﬁieijnj ox = —mzz‘eljﬁj (8.6)
6p:_575ﬁ05m 0 = —iDz'n;

Such supermultiplet could appear when N = 4 supergravity is broken up to N = 2
and two massive gravitini have equal masses [0, i, 3.

9. N =4 supermultiplet with central charge

Our last example — massive N = 4 supermultiplet with central charge. Such multiplets
contains twice as many fields as massive N = 2 supermultiplet without central charge and

in the massless limit it gives just two massless spin 3/2 supermultiplets:

3 3

2 2
4®1 421
2® 1 = 28 1
6® 5 T® 3
4®0 8®0

This time even using the usual trick with vector fields it is impossible to obtain complete
SU(4) symmetry. Indeed [[4] maximum symmetry that we can get here is the USp(4)
one. Thus we introduce USp(4) invariant antisummetric tensor wy;; such that wiwj, =
—0";, and use it to construct USp(4) invariant form of supertransformations for massless

,15,



supermultiplets:

i g i o

o, = —ZUO{B%LCaﬁinﬁj 0, = —Zaaﬁquaﬁlm

6C," = 2(W ,wn;) + 2i(pvumj) 6C," = 2(Qﬂm)—i—2i(5\ij7ﬂwjknk)
g 1 o . R .

0NV = —§0aﬁCa5[Zw]]knk—iﬁ@z[mﬂ+£w”8zkwklm ox = —i0zZ'n; (9.1)

1 e i as A
Opij = —500‘60016&77]'} — iV20lw Ny, ﬁwija(bknk oY = —i0Pw"n;

62" = 2v2(\n;) — V2(A\Fwywng) 6z = 2(xmi)
50; = 2v2pijw ™ k) + V2 praw ) 0" = 2(yw'r)
Then subsequent calculations lead us to the following mass terms for bosons:
Ly = %memau(zj — @j) + h.c. + %CMZCM — mT(EZ + (IDZ)(Zi + (I)i) (9'2)

from which we see that combination z; — ®; plays the role of Goldtone fields while z; + ®;
remains as physical massive scalars. As for the fermionic fields, their mass terms turn out
to be:

%ﬁ = ——‘I’;ﬂ U, + (\Iw)p - %(\I’v)x + %Wikwjlﬁijpkl - %ﬁp + %px -
50, — LA %@w)w + iR — 34— %M (9.3)
which corresponds to invariance under the following two local gauge transformations:
o, = 0,61 + %51, dpij = %Wijél, ox = —%51
002, = 0u&2 + ’m&, SN = —%wij&, o = —%52

With the help of these transformations and introducing gauge invariant objects:

Duzi:aﬂzi—%wijéﬂj, D,®; = 0,9, +\/_wZJC'Hj

we obtain final form of fermionic supertransformations:

i g 1 o
5\1’“:—100‘67#@15@-(41”77]' — —=D, (2" = ")

V2

7 ~ 1 y

5QM:—ZJO‘67MCQ527% + ﬁDu(zi — ®;)w"n;
S . L

oY :_iaaﬁcaﬁ[lw]]knk — z\/EDZ[ZUj} + %wUDkaklnl —

m B, kil L 4 B M

—ﬁ[(% + @ )w w4 g0t (2 + Pr)w ]

1 R L _ _

5Pz‘j:_§‘7aﬁcaﬁ[mj]_Z\/iD‘I)[Zw]}knk—%wiqu)knk‘f‘%[(zk‘i‘@k)wk[mﬂ+wij(5k+q)k)77k]

Sx=—iDz'n; + %(Zi + )i

LA .. m ..
dYp=—iDP;w"n; + E(zl + ®;)w"n;
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10. Conclusion

Thus we give explicit construction of massive spin 3/2 supermultiplets out of the massless
ones and this gives us important and model independent information om the structure of
supergravity models where such supermultiplets could arise as a result of spontaneous su-
persymmetry breaking. Also we hope that experience gained will be helpful in investigation
of massive supermultiplets with arbitrary superspins.
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